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When two graphene layers are rotated from AA or AB configuration by a small angle, the band
structure changes dramatically. Numerical calculations have shown that, at certain discrete angles
called magic angles, the low energy bands become flat leading to localization of electrons. The
origin of this strange behavior, however, is not well understood. Here, I propose a theory that
offers an understanding of the phenomenon, focusing on the first magic angle. It is shown that
coupling between the layers, in addition to renormalizing the Dirac velocity, introduces higher order
momentum terms in the energy dispersion that are not all of the same sign. Partial cancellation
among these terms leads to the flatness of the low energy bands. Also, while there is modulation of
electron density in real space, there is no localization—the modulation arises due to the superposition
of plane wave states with different momenta in the two layers. In addition, it is conjectured that
there is an underlying geometric reason for the appearance of more than one magic angle which can
be exploited to predict higher magic angles approximately without computing the band structure.
In recent years bilayer graphene with arbitrary angles
of rotation between the layers leading to large moire´ su-
perlattices have attracted considerable attention [1, 2].
Such a system, dubbed twisted bilayer graphene (TBG),
presents a plethora of fascinating electronic properties [3–
9] not present in the more commonly studied AA- and
AB-stacked bilayers. It has been shown that when the
layers are rotated away from AA or AB configuration
by a small angle, the electron velocity reduces, the ef-
fect becoming more pronounced with decreasing angle
[10, 11]. Finally, at some angle the velocity goes to zero
altogether, leading to flat bands and electron localiza-
tion [12–14]. As the angle is decreased further, the ve-
locity becomes nonzero but returns to zero at a smaller
angle. With continuously decreasing angle, the velocity
vanishes repeatedly at certain discrete angles, commonly
called magic angles [15].
The problem of magic angles is challenging because it
is nonperturbative. The low energy physics of TBG at
small angles of rotation is described by two energy scales:
interlayer coupling γ (defined as the first Fourier compo-
nent of the spatially varying interlayer coupling function)
and the difference between the energies of a given momen-
tum state in the two layers, vδK, where v is the single
layer velocity and δK is the momentum difference be-
tween the Dirac points in the two layers in a given valley
(h¯ = 1). In the regime γ/vδK < 1, the problem can
be solved perturbatively [10]. Unfortunately, magic an-
gles and their associated phenomena arise in the regime
γ/vδK > 1, where perturbation theory fails [15]. As a
result, the phenomenon is accessible only via large scale
numerical calculations, without a clear understanding of
the underlying causes. Despite some attempts in the past
[16, 17], questions remain: Why do flat bands arise only
at magic angles? At these angles, electrons are found
to localize at the AA-like regions in the superlattice de-
populating AB/BA-like regions [13, 17]—why does this
specific pattern emerge? Are these angles a fortuitous
occurrence or guided by some symmetry? While these
questions are important in their own right, they have be-
come even more so in light of recent experiments where
flat bands at the first magic angle have been observed ex-
perimentally [18–20], along with the consequent effects of
strong correlation leading to a Mott-like insulating phase
[19] and a superconducting phase [20]. An understand-
ing of the single particle physics is indispensable for any
meaningful understanding of these reported correlated
behaviors.
The goal of this paper is to provide answers to the ques-
tions raised above. Focusing on the first magic angle, it
is shown that coupling between the layers, in addition to
renormalizing the Dirac velocity, introduces higher order
momentum terms in the energy dispersion that are not all
of the same sign. A vanishing velocity at the Dirac point
is not sufficient to make the band nondispersive away
from the Dirac point, near cancellation of these higher
order terms is responsible for the phenomenon. Also,
the flat band does not lead to localization of electrons
in real space. Instead, the electron density modulates
on the scale of the moire´ supercell due to the superposi-
tion of plane wave states with different momenta in the
two layers. In addition, it is conjectured that there is an
underlying geometric reason for the appearance of more
than one magic angle. This can help predict higher magic
angles approximately without computing the band struc-
ture.
Consider two graphene layers rotated from AB config-
uration by some small angle θ. A rotation in real space
leads to a rotation in the reciprocal space as well, as
shown in Fig. 1(a). For low energy physics, one can con-
sider states only in the vicinity of the respective Dirac
points of two layers in a given valley. Interlayer coupling
leads to mixing of these states. Because of the offset
between the Dirac points, momentum conservation leads
to coupling of states with different momenta (measured
from the respective Dirac points) in the two layers. As
seen in Fig. 1, a state with momentum k in one layer gets
coupled to states with momenta k + δKα in the other,
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2where δK = Kθ −K, K and Kθ denote the position of
the unrotated and rotated Dirac points, respectively, and
α = 1, · · · , 3 denotes three different orientations of δK
differing from each other by an angle of 2pi/3. When
the coupling is weak, one can consider the mixing of
only these states and write down a Hamiltonian following
Ref. [15]:
Hk =

hk T1 T2 T3
T †1 hk+δK1 0 0
T †2 0 hk+δK2 0
T †3 0 0 hk+δK3
 , (1)
hq = −vq
(
0 eiϕq
e−iϕq 0
)
, Tα =
γ
3
(
e−i
2(α−1)pi
3 1
ei
2(α−1)pi
3 e−i
2(α−1)pi
3
)
,
(2)
where ϕq denotes the azimuthal angle. [The coupling
parameter γ is defined to be three times that used in
Ref. [15], hence the factor of 1/3.] Solving perturbatively
to linear order in momentum around the Dirac point, it
was shown—first in Ref. [10] and later in Ref. [15]—that
this leads to the preservation of the Dirac cone, albeit
with a renormalized Dirac velocity. At magic angles, the
Dirac velocity goes to zero.
A vanishing Dirac velocity implies that there is no lin-
ear term in momentum in the energy dispersion near
the band touching point. However, it does not auto-
matically imply a flat band: for example, although lin-
ear bands are absent in AB bilayer graphene, the bands
are not flat but quadratic. Yet, numerical calculations
show that the low energy bands in TBG at the magic
angle, while not exactly flat, are almost dispersionless in
a large area of the Brillouin zone away from the Dirac
point. To unravel its origin, I consider the Hamilto-
nian in Eq. (1) but adopt a different approach com-
pared to Refs. [10] and [15]: I include momentum ex-
actly and treat the coupling perturbatively. Since the
Hamiltonian is correct only to O(γ2) to begin with, in-
cluding the coupling perturbatively to the same order
is justified and does not introduce any additional er-
ror. Without coupling, the energies are ε0±k = ±v|k| and
ε0±k+δKα = ±v|k + δKα|, with states ψ0±k = φ0±k ei(K+k)·r
and ψ0±k+δKα = φ
0±
k+δKα
ei(K+δKα+k)·r, α = 1, · · · , 3.
Here, φ0±q =
1√
2
{±eiϕq , 1} is the Dirac spinor. Coupling
mixes these states. Focusing on one of the bands near
the Dirac point, say ‘-’, after coupling I find
εγ−k = −vk
[
1− γ
2
v2δK2
{
1 + 13
k
δK sin[3ϕk]− 43 k
2
δK2 (1 + cos[3ϕk])
1− 3 k2δK2 + 2 k
3
δK3 sin[3ϕk]
}]
, (3)
ψγ−k =
∑
±
c±ψ0±k +
∑
±,α
c±αψ
0±
k+δKα
= uk
( γ
vδK
, δKα, r
)
eik·r, (4)
where uk
( γ
vδK
, δKα, r
)
=
∑
±
c±k φ
0±
k e
iK·r +
∑
±,α
c±kαφ
0±
k+δKα
ei(K+δKα)·r. (5)
Consider first the expression for energy in Eq. (3). The
linear term in momentum vanishes when γ/vδK = 1,
consistent with the results of Refs. [10] and [15]. As an-
ticipated, higher order terms in momentum do appear;
however, surprisingly they are not all of the same sign.
Therefore, as one moves away from the Dirac point, par-
tial cancellation among these higher order terms restrict
the band from becoming truly dispersive. Note that this
partial cancellation is direction dependent: expanding
the expression in k leads to the terms alternating in sign
in certain directions while in other directions all terms
have the same sign. Therefore, the band is not flat to
the same degree in all directions.
The above calculation is perturbative in γ. Because
γ/vδK ∼ O(1) at the magic angle, higher order correc-
tions in γ are not negligible. In fact, they are impor-
tant: these higher order corrections are required to re-
dress the spurious divergence in Eq. (3) at certain values
of k. A general expression for the exact energy spectrum
can be written as εγk =
∑∞
i=1 fi(γ
2/v2δK2)ki, where fi
is some function. In principle, there exists the possi-
bility that at the magic angle fi → 0 for all i, leading
automatically to the flat band without requiring partial
cancellations between different momentum terms. This,
however, can be ruled out. Assuming that fi is an ana-
lytic function of γ, while fi=1 = 1−
∑∞
n=1 a1n
(
γ2
v2δK2
)n
,
fi>1 =
(
γ2
v2δK2
) [
1−∑∞n=2 ain ( γ2v2δK2)n]. Thus, while
fi=1 goes to zero due to the leading order effect in γ, fi>1
can go to zero only due to next to leading order effect in
γ. Therefore, fi cannot go to zero simultaneously for
both i = 1 and i > 1. This is further evidenced by the
fact that, if this were the case, the band would be flat at
all k, which is not seen in numerics—far away from the
Dirac point, the bands starts to become dispersive [15].
This argument, however, does not preclude the possibil-
ity that at the magic angle, although fi>1 is not zero,
it can still be small, contributing further to the flatness.
3Indeed, since fi=1 has more than one zeros (magic an-
gles), it is guaranteed to be a nonmonotonic function of
γ. Presumably, fi>1 also shares the same behavior, and
can decrease with increase in γ in certain windows of γ.
In all likelihood then the flat band arises due to a com-
bination of two effects: partial cancellation of higher or-
der momentum contributions and each such contribution
with reduced strength, the former playing the dominant
role.
Next, I turn to the wavefunction in Eq. (4). Like
the energy spectrum, an expression for the wavefunc-
tion can be written for any k correct up to O(γ2).
But it is extremely cumbersome. Instead, I focus on
the wavefunction at k = 0 where the expression in
Eq. (4) simplifies greatly: c−0 = 1 − γ
2
3v2δK2 , c
+
0 =
0, c−0α =
γ
3
√
2vδK
eipi/4(eiφk + ei2(α−1)pi/3), and c+0α =
− γ
3
√
2vδK
e−ipi/4(eiφk + ei2(α−1)pi/3). The density of elec-
trons is given by |ψγ−0 |2 = |u
(
γ
vδK , δKα, r
)|2. Averaging
over all possible directions ϕk at k = 0, I have
|ψγ−0 (r)|2
|ψγ−0 (0)|2
= 1 +
1
6
γ2
v2δK2
1− 1
6
∑
α6=α′
{
cos[(δKα − δKα′) · r]−
√
3|sin[(δKα − δKα′) · r)]|
} . (6)
When γ = 0, the density is position independent, as ex-
pected in an isolated graphene layer. As the coupling
is turned on, the density becomes spatially modulated.
Substituting γ/vδK = 1 at the magic angle, the electron
density is found to modulate between maxima and min-
ima following a triangular pattern, with the minimum
density 2/3 times the maximum density. The resulting
pattern is shown in Fig. 1(b). The maxima occur at the
AA regions and minima at the AB/BA regions. It is con-
sistent with previous numerical calculations [13, 17]. The
spatial modulation arises due to superposition of plane
waves with different wavelengths in Eq. (5). Interest-
ingly, the sublattice degrees of freedom only changes the
results quantitatively, but does not play the deciding role
in the emergence of the pattern. An important obser-
vation is that even though there is spatial modulation,
there is no localization. At the first magic angle, since
γ/vδK = 1, the only length scale left in Eq. (5) is δK,
i.e., the spatial modulation happens over the superlat-
tice length scale; thus, there is no true localization. This
statement remains valid even when higher order correc-
tions in γ are considered. These corrections only change
the condition for the first magic angle to γ/vδK = O(1)
but does not introduce any new length scale; therefore,
they cannot lead to true localization. In the past the ap-
pearance of such a pattern has been variously attributed
to (quasi)localization due to effective quantum well po-
tentials at AA regions [17] and due to momentum mis-
match between states in the AA and AB regions at zero
energy [16]. Here, it is shown that the origin is purely
geometric.
Since there is no true localization, the low energy
physics at or near magic angles cannot be described by
an effective tight-binding model with lattice points at the
AA sites. This is particularly important in the context of
studying effects of correlation, an area that has witnessed
an explosion in activity recently due to the experimental
discovery of interaction driven phases in TBG at the first
k
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FIG. 1. (a) Rotation between two graphene layers leads to a
rotation in reciprocal space as well (top). For small rotations,
in the simplest approximation, interlayer coupling leads to a
state near the Dirac point (in a given valley) in one layer cou-
ple with three equivalent states near the Dirac point in the
other layer (bottom). (b) Spatial modulation of electron den-
sity at the first magic angle according to Eq. (6) (light denotes
higher density). The density is maximum at AA regions and
minimum at AB/BA regions with a periodicity of 4pi/3δK.
magic angle [19, 20]. Clearly, writing down a Hubbard
model on a triangular lattice, inspired by the triangular
pattern in Fig. 1, will be ineffective. To follow this direc-
tion, one will need to first construct appropriate Wannier
states—see, for example, Ref. [23]. Alternatively, staying
within the long wavelength description, Eqs. (3)–(5) can
serve as a good starting point to include electronic cor-
relations. Even though they are perturbative in γ and
lack quantitative accuracy, they contain all the essential
ingredients that define the single particle physics at the
first magic angle.
The discussion so far has focused entirely on the first
magic angle. Numerical calculations have demonstrated
that, as the angle is reduced, the Dirac velocity vanishes
4K
K K
K K K
FIG. 2. Top: The unrotated (red, solid circles) and rotated (blue, open circles) layers in momentum space. The system is
resonant when the difference between the Dirac points ∆K satisfies the condition γ = v∆K. While this happens once in the
first Brillouin zone, in the extended Brillouin zone, the condition is satisfied repeatedly as the angle is decreased. Bottom:
Hopping between the rotated and unrotated layers sets up a hexagonal lattice. The resonance condition corresponds to ∆K
connecting the origin to a lattice point in this space. As the angle decreases, the lattice structure shrinks but ∆K merely
rotates. Shown left, there are two groups of lattice points which are three hops away from the center. These can be reached
by ∆K at two different angles. The two figures correspond to the second and third figure in the top panel. Therefore, they
together contribute to the second magic angle. Shown right, this is a generic feature of all hoppings more than one: the family
of dashed circles ending with a solid circle all correspond to the same number of hops from the center.
at other angles as well [15]. It is natural to ask whether
this is purely by accident—some sort of ‘mathematical
conspiracy’—or there exists a deeper reason why the ve-
locity vanishes repeatedly. Since the problem is analyt-
ically intractable, I take recourse to physical arguments
and put forward a conjecture regarding the origin of these
other angles.
Observe that once coupling is introduced, the bilayer
is described by a common eigenstate, implying that a
given momentum eigenstate belongs to both layers. The
states describing each layer at the same energy do not
have the same momentum. Alternatively, states in each
layer described by the same momentum are not at the
same energy. In TBG with a large angle of rotation,
this difference in the energy is large—much larger than
what the coupling can provide. Thus, the two layers do
not couple well and electrons in each layer continue to
maintain their original single layer like behavior. This,
however, changes as the rotation angle is decreased. In
particular, when the interlayer coupling provides exactly
the right amount of energy that compensates for the dif-
ference in energy between states in the two layers sharing
the same momentum, the system can be thought to be in
resonance and the process is highly favored. This occurs
when γ = v∆K, where ∆K = |Kθ −K| (equivalent to
δK in the first Brillouin zone, see Fig. 2). This is when
5TABLE I. Comparison of magic angles θmi predicted
by Eq. (7) with those obtained by numerical calculations
(Ref. [15]). Parameters used in computing Eq. (7) are same
as in Ref. [15]: γ = 330meV, v = 106m/s, and K = 4pi/3
√
3a
with a = 1.42A˚.
No. θmi θ
m
i
i [Numerics—Ref. [15]] [This work—Eq. (7)]
1 1.05◦ 1.686◦
2 0.50◦ 0.740◦
3 0.35◦ 0.425◦
4 0.24◦ 0.309◦
5 0.20◦ 0.237◦
the first magic angle appears and the Dirac velocity goes
to zero. Writing ∆K = 2Ksinθm1 /2 ≈ Kθm1 , one has
θm1 = γ/vK. As the angle is changed, the system goes
off resonance, and the Dirac velocity becomes nonzero.
For a magic angle to reappear, the system needs to sat-
isfy the resonant condition once again. At first glance this
seems to be impossible. However, going to the extended
Brillouin zone, as seen in the top panel in Fig. 2, at some
angle the system does become resonant once again at the
next nearest K point from the origin, i.e., at angle θm2 ,
the system will satisfy γ = v∆K (meanwhile, δK in the
first Brillouin zone has decreased). The process repeats
periodically as the angle is decreased more and more.
This argument implies that the i−th magic angle should
be given by θmi =
γ
vKi
, where Ki is the distance of the
i−th nearest Dirac point from the origin in k−space.
This simple picture, however, overlooks an important
aspect. To elucidate, I refer to the bottom panel in Fig. 2.
This is same as Fig. 1(a) illustrating the hopping from a
state in one layer to states in another, except that pro-
cesses with more than one hopping are included now.
This means lattice points farther away from the origin
are reached. Because the lattice in the hopping space
(bottom panel in Fig. 2) and the original k−space (top
panel in Fig. 2) are both hexagonal, when the condition
γ = v∆K is satisfied in k−space, ∆K as a vector will
connect the origin to a lattice point in the hopping space.
The case for first resonance is trivial: ∆K = δK. Notice,
however, the second and third instances of resonance in
k−space both correspond to three hoppings away from
center in the hopping space. Thus, these do not count
for two different physical instances of resonance. Instead,
they will compete and the angle at which resonance is sat-
isfied is somewhere between the angles which satisfy the
individual scenarios separately. As seen in Fig. 2, this is
a generic feature for all hoppings more than one. With
this in mind, a general formula to obtain the i−th magic
angle can be written as
θmi =
γ
v
〈
1
Ki
〉
. (7)
Here, 〈 1Ki 〉 = 1J
∑
j
1
Kij
is the average 1K in the k−space
for the i-th magic angle obtained by considering all the
radii corresponding to the same number of hoppings in
the hopping space, and J is the total number of such
possibilities [21]. In Table. I, the magic angles predicted
by Eq. (7) are compared with those found by numerical
band structure calculations. It is seen that Eq. (7) indeed
approximates the magic angles.
In the discussion so far, I have ignored all hoppings at
other lattice points which do not satisfy the resonance
condition. They will provide corrections to Eq. (7). The
difference between the predicted and numerical values
stems from such corrections. These corrections are ex-
pected to be ∼ O(δK/∆K) which should decrease at
higher magic angles. This is indeed observed in Table I.
Thus, Eq. (7) is conjectured to serve as a good approxi-
mation of magic angles, especially at higher magic angles
where numerical calculations are prohibitively expensive.
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